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ABSTRACT
The interaction of TeV gamma rays from distant blazars with the extragalactic background light produces
relativistic electron-positron pair beams by the photon-photon annihilation process. Using the linear instability
analysis in the kinetic limit, which properly accounts for the longitudinal and the small but finite perpendicular
momentum spread in the pair momentum distribution function, the growth rate of parallel propagating electro-
static oscillations in the intergalactic medium is calculated. Contrary to the claims of Miniati and Elyiv (2013)
we find that neither the longitudinal nor the perpendicular spread in the relativistic pair distribution function
do significantly affect the electrostatic growth rates. The maximum kinetic growth rate for no perpendicular
spread is even about an order of magnitude greater than the corresponding reactive maximum growth rate. The
reduction factors to the maximum growth rate due to the finite perpendicular spread in the pair distribution
function are tiny, and always less than 10−4. We confirm the earlier conclusions by Broderick et al. (2012)
and us, that the created pair beam distribution function is quickly unstable in the unmagnetized intergalactic
medium. Therefore, there is no need to require the existence of small intergalactic magnetic fields to scatter the
produced pairs, so that the explanation (made by several authors) of the FERMI non-detection of the inverse
Compton scattered GeV gamma rays by a finite deflecting intergalactic magnetic field is not necessary. In par-
ticular, the various derived lower bounds for the intergalactic magnetic fields are invalid due to the pair beam
instability argument.
Subject headings: cosmology: diffuse radiation – cosmic rays – gamma rays: theory – instabilities – plasmas
1. INTRODUCTION
The new generation of air Cherenkov TeV γ-ray telescopes
(HESS, MAGIC, VERITAS) have detected about 30 cos-
mological blazars with strong TeV photon emission: the
most distant ones are 3C279 (redshift zr = 0.536), 3C66A
(zr = 0.444) and PKS 1510-089 (zr = 0.361). Any of these
more distant than zr = 0.16 produces energetic e± particle
beams in double photon collisions with the extragalactic back-
ground light (EBL). These pairs with typical Lorentz factors
γ = 106Γ6 are expected to inverse Compton (IC) scatter on the
cosmic microwave background (CMB) radiation, on a typical
length scale lIC ∼ 0.75Γ−16 Mpc, thus producing gamma-rays
with energy of order 100 GeV, which have not been detected
by the FERMI satellite. Given the still relatively short dis-
tance lIC , both pair production and IC emission occur primar-
ily in cosmic voids of the intergalactic medium (IGM), which
fill most of cosmic volume. It has been argued that the in-
verse Compton scattered gamma-rays then are still energetic
enough for further pair-production interactions giving rise to
a full electromagnetic cascade as in vacuum.
However, the pair-beam is subject to two-stream-like insta-
bilities of both electrostatic and electromagnetic nature (Brod-
erick et al. 2012, Schlickeiser et al. 2012a). In this case the
electromagnetic pair cascade does not contribute to the multi-
GeV flux, as most of the pair beam energy is transferred to
the IGM with important consequences for its thermal history.
Moreover, there is no need to require the existence of small
intergalactic magnetic fields to scatter the produced pairs, so
that the explanation of the FERMI non-detection of the in-
verse Compton scattered GeV gamma rays by a finite de-
rsch@tp4.rub.de, steffen.krakau@rub.de, markus.supsar@rub.de
flecting intergalactic magnetic field (Neronov and Vovk 2010,
Tavecchio et al. 2011, Dolag et al. 2011, Taylor et al. 2012,
Dermer et al. 2011, Takahashi et al. 2012, Vovk et al. 2012)
is not necessary.
In their instability analysis Schlickeiser et al. (2012a –
hereafter referred to as paper I) and Broderick et al. (2012)
have approximated the pair parallel momentum distribution
function g(x) = δ(x− xc) by a sharp delta-function, where
x = p‖/(mec) denotes the parallel pair momentum p‖ in units
of mec = 5.11 · 105 eV/c (c: speed of light), which is com-
monly referred to as reactive linear instability analysis. This
approximation has been recently criticized by Miniati and
Elyiv (2013), who noted that the finite momentum spread
of the pair distribution function (referred to as kinetic insta-
bility study) will significantly reduce the maximum electro-
static growth rate to a level that the full electromagnetic pair
cascade as in vacuum is not modified. The study of Cairns
(1989), based on nonrelativistic kinetic plasma equations, in-
dicated that the kinetic/reactive instability character depends
strongly on the plasma beam and plasma background param-
eters, such as beam density nb, beam speed β1c and back-
ground particle density Ne and temperature Te. Severe dif-
ferences between reactive and kinetic instability rates occur
particularly for beam to background particle density ratios
exceeding nb/Ne > 10−5. However, as argued below, in our
case of pair beams in the IGM medium this ratio is of order
nb/Ne≃ 10−15, much below the critical value 10−5, so that we
are in a regime where reactive and kinetic instability studies
should not differ significantly according to Cairns (1989).
However, as noted the work of Cairns (1989) is based on
nonrelativistic kinetic plasma equations. It is the purpose of
this work to investigate the claim of Miniati and Elyiv (2013)
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for parallel propagating electrostatic fluctuations using the
correct relativistic kinetic plasma equations. Relativistic ki-
netic instability studies are notoriously difficult and compli-
cated due to plasma particle velocities close to the speed of
light. Therefore extreme care is necessary in order to include
all relevant relativistic effects. We therefore will repeat in de-
tail the linear instability analysis in the kinetic limit using the
realistic pair momentum distribution function. For mathemat-
ical simplicity we will restrict our analysis to parallel wave
vector orientations with respect to the direction of the TeV
gamma rays generating the relativistic pairs. In our analysis
we will also use a more realistic modelling of the fully-ionized
IGM plasma as isotropic thermal distributions.
2. DISTRIBUTION FUNCTIONS AND EARLIER REACTIVE
INSTABILITY RESULTS
2.1. Intergalactic medium
The unmagnetized IGM consists of protons and electrons of
density Ne = 10−7N7 cm−3. Any neutral atoms or molecules
do not participate in the electromagnetic interaction with the
pairs. In paper I we have modelled the IGM plasma with the
cold isotropic particle distribution functions (a = e, p)
Fa(p‖, p⊥) =
Ne
2pip⊥
δ(p‖)δ(p⊥), (1)
where p‖ and p⊥ denote the momentum components paral-
lel and perpendicular to the incoming γ-ray direction in the
photon-photon collisions, respectively. Here we take into ac-
count the finite temperature Ta of the IGM plasma particles,
adopting the isotropic Maxwellian distribution function
Fa(p) =
Neµa
4pi(mac)3K2(µa)
e
−µa
√
1+ p
2
m2ac2 (2)
with p =
√
p2‖+ p
2
⊥ and µa = mac2/(kBTa) = 2/β2a, where
βa =
√
2kbTa/(mac2) is the thermal IGM velocity in units of
the speed of light. Photoionization models of the IGM (Hui
and Gnedin 1997, Hui and Haiman 2003) indicate nonrela-
tivistic electron temperatures Te = 104T4 K, implying very
small values of βe = 1.8 · 10−3T 1/24 ≪ 1 and large values
of µe ≫ 1. If we scale the proton temperature Tp = χTe,
we obtain βp =
√
χξβe with the electron-proton mass ratio
ξ = me/mp = 1/1836. For proton to electron temperature ra-
tios χ≪ ξ−1 = 1836 we find that βp ≪ βe.
2.2. Intergalactic pairs from photon-photon annihilation
Schlickeiser et al. (2012b) analytically calculated the pair
production spectrum from a power law distribution of the
gamma-ray beam up to the maximum energy M (all energies
in units of mec2), interacting with the isotropically soft photon
Wien differential energy distribution N(k0) ∝ k20 exp(−k0/Θ)
representing the EBL with Θ ≃ 2 ·10−7 corresponding to 0.1
eV. They found that the pair production spectrum is highly
beamed into the direction of the initial gamma-ray photons,
so that a highly anisotropic, ultrarelativistic velocity distribu-
tion of the pairs results. With respect to the parallel momen-
tum x = p‖/(mec) the pair momentum distribution function is
strongly peaked at Mc =Θ−1 for the case of effective pair pro-
duction M ≫ Mc. The differential parallel momentum spec-
trum of the generated pairs can be well approximated as
n(x) = A1e−
xc
x
x
1
2−p
[1+( x
xb
)3/2]
H(x) (3)
with the step function H(x) = [1 + (x/|x|)]/2, and the two
characteristic normalized momenta
xc =
Mc
lnτ0
, xb = Mc
τ
2/3
0
27/3
= 0.2Mcτ2/30 (4)
where τ0 = σT N0R, with the total number density of EBL
photons N0 ≃ 1 cm−3, denotes the traversed optical depth of
gamma rays. Both characteristic momenta xb > xc ≫ 1 are
very large compared to unity as Mc ≃ 2 · 106. As noted in
Schlickeiser et al. (2012b) the analytical approximation (3)
agrees rather well with the numerically calculated production
spectrum using the code of Elyiv et al. (2009). The parallel
momentum spectrum of pairs (3) exhibits a strong peak at xc,
is exponentially reduced ∝ exp(−xc/x) at smaller momenta,
and exhibits a broken power law at higher momenta (see Fig.
7 in Schlickeiser et al. 2012b).
During this analysis here we will simplify the parallel mo-
mentum spectrum (3) slightly to the form
n(x) = A0g(x), g(x) = x−se−
xc
x H(x), (5)
where we keep the essential features of the spectrum (3),
namely the exponential reduction below xc, and the power-
law behavior at high parallel momentum values. But instead
of allowing for the broken power-law behavior above and be-
low xb, we represent this part only as a single power law with
spectral index s = p− (1/2). As we will see later, this simpli-
fication only affects the damping rate of plasma fluctuations,
whereas the growth rate is caused by the exponential reduc-
tion below xc.
The associated pair phase space density is then given by
fb(p⊥,x) = nb2pip⊥mecA0g(x)G(p⊥,b) (6)
with the normalization factor A0 determined by the total beam
density
nb = 10−22n22 =
∫
d3 p fb cm−3 (7)
In paper I we have ignored any finite spread of the pair distri-
bution function in perpendicular momentum p⊥, i.e.
G(p⊥) = δ(p⊥) (8)
Here we will allow for such a perpendicular spread by adopt-
ing
G(p⊥,b) =
H[bmec− p⊥]
bmec
(9)
with finite values of b. The special form (9) of the perpendic-
ular momentum distribution function is chosen because of the
limit
lim
b→0
G(p⊥,b) = δ(p⊥), (10)
which can be readily proven by inspecting with an arbitrary
function W (p⊥) the expression
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Y = lim
b→0
∫
∞
0
d p⊥W (p⊥)G(p⊥,b)
= lim
b→0
1
bmec
∫ bmec
0
d p⊥W (p⊥) (11)
Using the Taylor expansion of the function W near p⊥ = 0
W (p⊥)≃W (p⊥ = 0)+ p⊥[dW (p⊥)d p⊥
]p⊥=0 + . . . (12)
readily yields
Y = lim
b→0
[
W (p⊥ = 0)+
mecb
2
[
dW (p⊥)
d p⊥
]p⊥=0 + . . .
]
=W (p⊥ = 0) (13)
Therefore, in the limit b = 0 the broadened perpendicular dis-
tribution function (9) reduces to the distribution function (8)
with no perpendicular spread.
Using the phase space density (6) with Eqs. (5) and (9) in
the normalization condition (7) then yields
1 = A0
∫
∞
0
dxg(x)
= A0Γ(s− 1)U(s− 1,s,xc)≃ A0Γ(s− 1)x1−sc (14)
where Γ(a) is the gamma function and U(a,b,z) denotes the
confluent hypergeometric function of the second kind. Its
argument xc is very large, so that we have approximated
U(s− 1,s,xc) ≃ x1−sc for values of s > 1. Therefore the nor-
malization factor has to be
A0 =
xs−1c
Γ(s− 1) (15)
Now we estimate the value of the maximum normalized per-
pendicular momentum b. With extensive Monte Carlo sim-
ulations Miniati and Elyiv (2013) determined the maximum
angular spread of the beamed pairs to ∆φ = 10−5 in agree-
ment with the kinematic estimate (see Eq. (5) of Miniati and
Elyiv (2013))
10−5 = ∆φ = mec
2√s0(s0− 1)
2Eγ
<
mec
2s0
2Eγ
=
Θ
2
, (16)
where we use the invariant maximum center of mass energy
square s0 = EγΘ/mec2. This maximum angular spread deter-
mines
p⊥,max
p‖
=
b
x
= tan(∆φ) = tan(Θ/2)≃ Θ
2
, (17)
so that with Eq. (4)
b = xΘ
2
≃ xcΘ
2
=
1
2lnτ0
=
7.2 ·10−2
1+ lnτ33 ln10
, (18)
which for τ0 = 103τ3 is well below unity. The maximum per-
pendicular momenta of the generated pair distribution are less
than 40 keV/c.
2.3. Reactive instability results
As noted before, in paper I we approximated the paral-
lel pair distribution function (11) by a sharp delta-function
mecg(x) = δ(x − xc) and ignored any finite spread i.e.
G(p⊥) = δ(p⊥). Moreover, we modelled the unmagnetized
IGM as a fully-ionized cold electron-proton plasma. In agree-
ment with the earlier reactive instability study of Broderick et
al. (2012), we found that very quickly oblique (at propagation
angle θ) electrostatic fluctuations are excited. The growth rate
(ℑω)max and the real part of the frequency (ℜω)max at maxi-
mum growth are given by
(ℑω)max ≃ 3
1/2
2
ωp,eα(θ)
= 1.5 ·10−6N1/67 n1/322 x−1/3c,6
[
1−β21 cos2 θ
]1/3 Hz (19)
and
(ℜω)max ≃ ωp,e(1− α(θ)2 ) = ωp,e
[
1
−5 ·10−8
(
n22
N7xc,6
)1/3 [
1−β21 cos2 θ
]1/3]
, (20)
respectively, with the electron plasma frequency ωp,e =
17.8N1/27 Hz. Note that we have corrected a mistake in paper I
in the numerical factor in the growth rate (12). nb = 10−22n22
cm−3 represent typical pair densities in cosmic voids, xc =
106xc,6 and
α(θ) = 10−7 (1−β
2
1 cos
2 θ)1/3n1/322
N1/37 x
1/3
c,6
≪ 1 (21)
with β1 = xc/
√
1+ x2c.
The maximum growth rate occurs at the oblique angle θE =
39.2 degrees and provides as shortest electrostatic growth
time
τ−1e = γE,max = 1.1 ·10−6
n
1/3
22 N
1/6
7
x
1/3
c,6
Hz, (22)
Even, if nonlinear plasma effects are taken into account, we
concluded in paper I that most of the pair beam energy is dis-
sipated generating electrostatic plasma turbulence, which pre-
vents the development of a full electromagnetic pair cascade
as in vacuum.
For later comparison we note that for parallel wave vector
orientations θ = 0 Eq. (14) reduce to
α(0) = 10−11
n
1/3
22
N1/37 xc,6
, (23)
implying for the real and imaginary frequency parts at maxi-
mum growth (19) – (20)
(ℜω)max(θ = 0)≃ ωp,e(1− α(0)2 )
= ωp,e

1− 5 ·10−12
(
n22
N7x3c,6
)1/3≃ ωp,e (24)
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and
(ℑω)max ≃ 3
1/2
2
ωp,eα(0) = 1.5 ·10−10N1/67 n1/322 x−1c,6 Hz (25)
3. ELECTROSTATIC DISPERSION RELATION
The dispersion relation of weakly damped or amplified
(|γ| ≪ ωR) parallel electrostatic fluctuations with wavenum-
ber k and freuency ω = ωR + ıγ in an unmagnetized plasma
with gyrotropic distribution functions is given by (Schlick-
eiser 2010)
0 = Λ(ω,k) =
1+∑
a
2piω2p,a
ωna
∫
∞
−∞
d p‖ p‖
∫
∞
0
d p⊥
p⊥
Γa(ω− kv‖)
∂ fa
∂p‖
(26)
The dispersion function Λ(k,ω) is symmetric Λ(ω,−k) =
Λ(ω,k) with respect to the wavenumber k, so that it suffices
to discuss positive values of k > 0. Inserting the distribu-
tion functions (2), (6) and (9), using nonrelativistic values of
βa ≪ 1, then provides
0 = Λ(R, I) = 1− 2ω
2
p,enb
Ne
A0
k2c2 limI→0 Dp(R, I,b)
−∑
a
ω2p,a
k2c2β2a Z
′
(
z
βa
)
, (27)
where Z′(t) denotes the first derivative of the plasma dis-
persion function (Fried and Conte (1961); Schlickeiser and
Yoon (2012, Appendix A)) with complex argument as z =
ω/(kc) =R+ ıI with R=ωR/(kc) and I = γ/(kc). For weakly
damped/amplified fluctuations we use the approximations
Z
′
(t)≃−2ıpi1/2te−t2H[1−|R|]− 2(1− 2t2), for |t| ≪ 1,
Z
′
(t)≃−2ıpi1/2te−t2 H[1−|R|] + 1
t2
[1+ 3
2t2
], for |t| ≫ 1
(28)
We notice that the imaginary part is the same in both approx-
imations. The expression
Dp(R, I,b) =
1
bz
∫ b
0
dq
∫
∞
0
dx
x
dg(x)
dx
x− z
√
1+ q2+ x2
=
1
z
∫
∞
0
dx dg(x)dx
+
1
b
∫ b
0
dq
∫
∞
0
dx
dg(x)
dx
x√
1+q2+x2
− z , (29)
with q = p⊥/(mec), represents the pair beam contribution to
the electrostatic dispersion relation.
The first x-integral in Eq. (29) vanishes because g(0) =
g(∞) = 0 leaving
Dp(R, I,b) =
1
b
∫ b
0
dq
∫
∞
0
dx
dg(x)
dx
x√
1+q2+x2
−R− ıI (30)
With Dirac’s formula
lim
I→0
1
a− ıI = P
1
a
+ ıpiδ(a), (31)
where P denotes the principal value, we obtain for the limit
lim
I→0
Dp(R, I,b) =
1
b
∫ b
0
dqP
∫
∞
0
dx
dg(x)
dx
x√
1+q2+x2
−R
+
ıpi
b
∫ b
0
dq
∫
∞
0
dx dg(x)dx δ
(
x√
1+ q2+ x2
−R
)
=
1
b
∫ b
0
dqP
∫
∞
0
dx
dg(x)
dx
x√
1+q2+x2
−R
+
ıpi
b
∫ b
0
dq
1+ q2
∫
∞
0
dx(1+ q2+ x2)3/2 dg(x)dx δ(x− x0(R,q))
(32)
with
x0(R,q) = K(R)
√
1+ q2, K(R) = |R|√
1−R2 (33)
The last integral has a nonvanishing value provided that
x0(R,q) ∈ [0,∞], which requires subluminal real phase speed
(|R| ≤ 1).
Because of the small factor (2nb/Ne)≪ 1 we ignore the
contribution of the real principal part of Eq. (32) to the disper-
sion relation (27), but keep the imaginary part with the result
0 = Λ(R, I)≃ 1−∑
a
ω2p,a
k2c2β2a Z
′
(
R+ ıI
βa
)
−ı 2piω
2
p,enbA0
Nek2c2(1−R2)3/2b
H[1−|R|]
∫ b
0
dq
√
1+ q2[dg(x)dx ]x0(R,q)
= 1− 1
κ2β2e
[
Z
′
(
R+ ıI
βe
)
+
1
χZ
′
(
R+ ıI√
χξβe
)]
−ı2pinb
Ne
H[1−|R|] x
s−1
c
κ2Γ(s− 1)(1−R2)3/2 J(b), (34)
where we have introduced the integral
J(b) = 1b
∫ b
0
dq
√
1+ q2[dg(x)dx ]x0(R,q), (35)
the normalized wavenumber
κ =
kc
ωp,e
(36)
and the normalization constant (15).
Separating the dispersion function into real and imaginary
parts Λ = ℜΛ+ ıℑΛ we find
ℜΛ(R, I) = 1− 1
κ2β2e
[
ℜZ′
(
R+ ıI
βe
)
+
1
χℜZ
′
(
R+ ıI√
χξβe
)]
(37)
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and
ℑΛ(R, I) =− 1
κ2β2e
[
ℑZ′
(
R+ ıI
βe
)
+
1
χ ℑZ
′
(
R+ ıI√
χξβe
)]
−2pinb
Ne
H[1−|R|] x
s−1
c
κ2Γ(s− 1)(1−R2)3/2 J(b) (38)
We emphasize that the real part of the dispersion function (37)
is symmetric in R, so that it suffices to discuss positive values
of R > 0.
It remains to calculate with the parallel pair beam distribu-
tion (5)
[
dg(x)
dx ]x0(R,q) = x
−(s+2)
0 e
− xcx0 [xc− sx0], (39)
so that the integral (35) becomes
J(b) =
A
bKs+1(R)
∫ b
0
dq e
− A√
1+q2
(1+ q2) s+12
[
1− s
A
√
1+ q2
]
(40)
where we introduce
A(R) =
xc
K(R)
=
xc
√
1−R2
R
(41)
With property (13) we obtain for no perpendicular spread
J(0) = A− s
Ks+1(R)
e−A (42)
In Appendix A we derive approximations of the integral (40),
valid for values of b≤ b0, where b0 = 7.2 ·10−2, according to
the estimate (18), is significantly smaller than unity. In terms
of the value (42) at b = 0 we obtain
J(b)≃ J(0)B(X) (43)
with
X(b,A) =
√
A
2
b, (44)
where the correction function
B(X) =
eX
2
X
[F(X)+ h(A,s)(F(X)−X)] , (45)
with
h(A,s) = (s− 1)A− s(s− 2)
2A(A− s) (46)
can be expressed in terms of Dawson’s integral F(X) (see def-
inition (103)). If the correction function (45) is smaller than
unity, the perpendicular spread will reduce the growth rate γ0
of fluctuations. If the correction function (45) is greater than
unity, it will enhance the growth rate γ0; each case compared
to the case of no perpendicular spread b = 0.
3.1. General kinetic instability analysis
For weakly damped or amplified (|γ|≪ωR) fluctuations the
real and imaginary phase speed (or frequency) parts of the
fluctuations are given by (Schlickeiser 2002, p. 263)
ℜΛ(R, I = 0) = 0 (47)
and
I =
γ
kc =−
ℑΛ(R, I = 0)
∂ℜΛ(R,I=0)
∂R
, (48)
respectively, where R = ωR/(kc) = ωR/(ωp,eκ). We then find
that
γ(κ) =−ωp,eκ ℑΛ(R, I = 0)∂ℜΛ(R,I=0)
∂R
= γb(κ)− γL(κ) (49)
is given by the difference of the growth rate γp(κ) from
the anisotropic relativistic pair distribution and the positively
counted Landau damping rate γL(κ) from the thermal IGM
plasma with
γp(κ,b) =
2piωp,enb
∂ℜΛ(R,I=0)
∂R Ne
H[1−R]xs−1c
Γ(s− 1)κ(1−R2)3/2 J(b) (50)
and
γL(κ) =
2pi1/2ωp,eRH[1−R]
∂ℜΛ(R,κ)
∂R κβ3e
[
e
− R2β2e +
1
ξ1/2χ3/2 e
− R2ξχβ2e
]
≃ 2pi
1/2ωp,eRH[1−R]
∂ℜΛ(R,κ)
∂R κβ3e
e
− R2β2e (51)
3.2. Electrostatic modes
In Appendix B we show that the dispersion relation (47)
provides two collective electrostatic modes: Langmuir oscil-
lations and ion sound waves. The Langmuir oscillations with
the dispersion relation
R2 ≃ 1
κ2
+
3β2e
2
=
1+ 32 β2eκ2
κ2
= 1+ 1
κ2
− 1
κ2L
, (52)
occur at normalized wavenumbers κL ≤ κ≪ β−1e , where
κ2L = 1+
3β2e
2
> 1 (53)
Eq. (52) corresponds to the dispersion relation
ω2R = ω
2
p,e[1+ 3k2λ2De] (54)
of Langmuir oscillations (see Appendix B).
Likewise, the ion sound waves with the dispersion relation
R2 = R22 ≃
ξβ2e
2
1+ β2eκ22
(55)
only exists for values of χ ≪ 1 or Tp ≪ Te at wavenumbers
κ ≪ (χ1/2βe)−1 = 43/βp. Because there are no indications
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for such large differences in the proton to electron tempera-
ture in the IGM, we will not consider ion sound waves in the
following.
4. KINETIC INSTABILITY ANALYSIS OF LANGMUIR
OSCILLATIONS FOR NO PERPENDICULAR SPREAD
We start with the case of no perpendicular spread b = 0 in
the relativistic pair distribution function. We use Eq. (42) to
find for the growth rate (50)
γp(κ,b = 0)
=
2piωp,enb
∂ℜΛ(R,I=0)
∂R Ne
H[1−R]xs−1c (A− s)e−A
Γ(s− 1)κ(1−R2)3/2Ks+1(R) , (56)
which is positive for values of A > s corresponding to
R <
1√
1+(s/xc)2
≃ 1− s
2
2x2c
, (57)
given the very large value of xc (see Eq. (4). As long as
R≤ 1− ε with
ε =
s2
2x2c
=
1
2
[sΘ lnτ0]2 < O(10−12), (58)
the pair parallel momentum distribution provides a positive
growth rate γb.
At wavenumbers κL < κ ≪ β−1e the dispersion relation(118) of Langmuir oscillations readily yields
∂ℜΛ(R,κ)
∂R =
2(1+ ξ)
κ2R3
+
6β2e(1+χξ2)
κ2R5
≃ 2
κ2R5
[
R2 + 3β2e
]≃ 2
κ2R3
, (59)
because Langmuir oscillations occur at phase speeds R≫ βe.
Inserted into Eqs. (56) and (51) the growth rate as a function
of the variable (41) becomes
γp(A,b = 0) = γ0pκxcC(A,s) (60)
with
C(A,s) =
As−2(A− s)
Γ(s− 1) e
−A (61)
and the constant
γ0p =
piωp,enb
Ne
H[1−R], (62)
whereas the Landau damping rate is
γL = pi1/2ωp,eκH[1−R]R
(
R
βe
)3
e
− R2β2e (63)
The variable (41) as a function of the normalized wavenumber
reads
A(κ) =
xc
K(R)
=
xc√
κ2Lκ
2
κ2−κ2L
− 1
, (64)
corresponding to
κ
κL
=
1√
1− κ2L
1+ x
2
c
A2
≃ 1+ κ
2
L
2(1+ x
2
c
A2 )
(65)
4.1. Growth rate
In Fig. 1 we plot the growth rate γp(b = 0)/ωp,e for the
case of no angular spread b = 0 as a function of the normal-
ized wavenumber κ for xc = 106, and different values of the
spectral index s = 1.5,2,2.5. Because of the large value of
xc = 106, all growth rates peak in an extremely narrow range
of wavenumber values. First, it can be seen that the weak
amplification condition γp ≪ ωR ≤ ωp,e is well satisfied at
all values of κ. Secondly, the growth rate γp exhibits a pro-
nounced maximum.
FIG. 1.— Kinematic growth rate of parallel propagating Langmuir oscilla-
tions γp(b = 0)/ωp,e for the case of no perpendicular spread (b = 0) and the
dispersion relation ωR/ωp,e as a function of normalized wavenumber κ for
xc = 106 , βe = 1.8 ·10−3 and s = 1.5,2,2.5.
4.2. Maximum growth rate
The function C(A,s), defined in Eq. (61), is plotted in Fig. 2
for three values of s = 1.5,2,2.5. It has one zero at AN(s) = s,
is negative for smaller A < s, and positive for larger A > s, in
agreement with Eq. (57). Extrema are located at values of A
satisfying
A2− (2s− 1)A+ s(s− 2)= 0 (66)
For values of 1 < s ≤ 2 the function C(A,s) attains its maxi-
mum value at
A0(1 < s≤ 2) = 2s− 12
[
1+
√
1+ s(2− s)
(s− 12 )2
]
(67)
For the special case s = 2 we find AN(2) = 2 and A0(2) = 3
and the maximum value
Cmax(s = 2) = e−3 (68)
For values of s > 2 the function C(A,s) has a negative mini-
mum at
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FIG. 2.— Plot of the function C(A) for three values of s = 1.5,2,2.5 as a
function of A.
TABLE 1
VALUES OF THE ZEROS AN(s) = s, LOCATION OF MAXIMA A0(s),
MAXIMA Cmax(s) AND MINIMUM CORRECTION FUNCTION
B(A0(s),b = 0.1,s)−1 FOR DIFFERENT VALUES OF s AND b = 0.1.
s A0 Cmax(s) B(A0(s),b = 0.1,s)−1
1.5 2.32 1.17 ·10−2 −1.35 ·10−5
2.0 3.00 4.98 ·10−2 −2.25 ·10−5
2.5 3.66 6.44 ·10−2 −3.35 ·10−5
3.0 4.30 7.58 ·10−2 −4.62 ·10−5
4.0 5.56 9.28 ·10−2 −7.62 ·10−5
Amin(s > 2) =
2s− 1
2
[
1−
√
1− s(s− 2)
(s− 12 )2
]
(69)
and a positive maximum at
A0(s > 2) =
2s− 1
2
[
1+
√
1− s(s− 2)
(s− 12 )2
]
(70)
It is straightforward to show that the location of the maximum
A0(s)< AN(s) is always above the location of the zero AN(s),
in agreement with Fig. 2. In Table 1 we calculate the locations
A0(s) and values of Cmax(s) for different values of s.
For ease of exposition we continue with the simplest case
s = 2. From Eq. (60) we then obtain for the maximum kinetic
growth rate
γmaxp (b = 0) =
γ0pκ0xc
e3
, (71)
which occurs at A0 = 3, corresponding to values of K0(R) =
xc/3 and values of
R20 =
1
1+ 9
x2c
≃ 1− 9
x2c
(72)
slightly below unity. In Fig. 3 we show the growth rate from
Fig.1 now as a function of the variable A. We note that the
location of the maximum and the zero in the case s = 2 agree
exactly with the analytical values.
FIG. 3.— Kinematic growth rate of parallel propagating Langmuir oscil-
lations γp(b = 0)/ωp,e for the case of no perpendicular spread (b = 0) as a
function of the variable A for xc = 106 , βe = 1.8 ·10−3 and s = 1.5,2,2.5.
With the dispersion relation (52) and the definition (53) we
find for the corresponding wavenumber
κ0 =
1√
1− 3β2e2 − 9x2c
≃ 1+ 3β
2
e
4
+
9
2x2c
≃ 1 (73)
Maximum growth occurs at frequencies
ωR,0 = ωp,eκ0R0 ≃ ωp,e, (74)
in perfect agreement with the reactive result (24).
Moreover, the maximum growth rate (71) is given by
γmaxp (b = 0) = 2.8 ·10−9
n22xc,6
N1/27
Hz (75)
which is about an order of magnitude larger than the max-
imum reactive growth rate (25). Apparently, the spread in
parallel momentum of the pair distribution function does not
reduce the maximum growth rate of parallel Langmuir oscil-
lations, in disagreement with the result of Miniati and Elyiv
(2013).
At the same values of R0 and κ0, because of the exponential
factor, the Landau damping rate (63) of Langmuir oscillations
is negligibly small
γL(R0) = pi1/2ωp,eκ0R0
(
R0
βe
)3
e
− R
2
0
β2e
≃ pi
1/2ωp,e
β3e e
− 1β2e < 10−105 (76)
5. KINETIC INSTABILITY ANALYSIS OF LANGMUIR
OSCILLATIONS FOR FINITE PERPENDICULAR SPREAD
With the correction function (45) for finite perpendicular
spreads below the limit b0, the growth rate in this case
γp(b) = B(X)γp(b = 0) (77)
is simply related to the growth rate γp(b = 0). The growth
rate γp(b) with finite spread as compared to the growth rate
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γp(b = 0) with no finite spread is enhanced (reduced) if the
correction function (45) is greater (smaller) than unity. The
correction function (45) reads
B(X) = B(A,b,s) = e
X2
X
[(1+ h)F(X)− hX ] (78)
with the function
h(A,s) = (s− 1)A− s(s− 2)2A(A− s) (79)
We noted before that the growth rate γp(b = 0) is positive
only for values of A > s, so we restrict our analysis to this
range. For A > s the function (79) is positive for all values of
A > s > 1. With A = s+ t the function (79) reads
h(t,s) = s+(s− 1)t
2t(t + s)
=
s− 1
2(t + s)
+
s
2t(t + s)
(80)
with t ∈ (0,∞]. The function is strictly decreasing, as
dh(t,s)
dt =−
(s− 1)t2+ 2st + s2
2t2(t + s)2
(81)
is always negative. No extreme values occur in the interval
(0,∞]. For later use we note that the condition h(A,s) = 1/2
leads to the equation
A2− (2s− 1)A+ s(s− 2)= 0, (82)
which is identical to Eq. (66), determining the maximum
growth rate γmaxp (b = 0) through the function C(A,s). Hence,
at the maximum A0(s) the function
h(A0(s),s) =
1
2
(83)
for all values of s. Moreover, for larger values of A > A0(s),
the function h(A,s)< 1/2.
5.1. Correction function for the maximum growth rate
The maximum growth rate γmaxp (b = 0) occurs at A0(s)
listed in Table 1. For values of b < 0.1 the variable (44)
X =
√
A0(s)
2 b < 0.071
√
A0(s)< 0.17 (84)
is smaller than unity for all values of b < 0.1, because for
s ≤ 4 we calculated A0(s) ≤ A0(4) = 5.56. We therefore use
the series expansion (106) for Dawson’s integral in Eq. (78)
to find
B(X ≪ 1)≃ eX2
[
1− 23(1+ h)X
2(1− 25 X
2)
]
≃ 1− 2h− 13 X
2− 4h− 1
10 X
4, (85)
With the value (83) the quadratic terms vanishes and we ob-
tain the correction
B(A0(s),b,s) ≃ 1− X
4
10 = 1−
A20(s)b4
40 (86)
For the maximum value of b = 0.1, we calculate the reduction
factor B(A0(s),b,s)− 1 for different values of s. The results
are listed in Table 1. As can be seen, the reduction factors due
to the finite spread in the pair distribution function are tiny, al-
ways less than (−10−4). Contrary to the statement of Miniati
and Elyiv (2013) we find that the finite perpendicular spread
does not significantly reduce the maximum growth rate.
5.2. General behavior of the correction function
Dawson’s integral satisfies the linear differential equation
dF(X)
dX = 1− 2XF(X), (87)
so that the first derivative of the correction function (78) is
given by
∂B(X)
∂X =
eX
2
X2
[
(1+ h)X− (1+ h)F(X)− 2hX3] (88)
The extreme value of the correction function B(XE) occurs at
XE given by the solution of the transcendental equation
XE −F(XE) = 2h1+ hX
3
E (89)
Inserting this condition into Eq. (78) we obtain for the ex-
treme value of the correction function
BE = eX
2
E
[
1− 2hX2E
] (90)
We recall that for values of A > A0(s), corresponding to
XE > b
√
A0(s)/2, the function h < 1/2. The first and sec-
ond derivative of function (90) are given by
dBE
dXE
= 2XEeX
2
E
[
(1− 2h)− 2hX2E
] (91)
and
d2BE
dX2E
= 2eX
2
E
[
(1− 2h)+ 2(1− 5h)X2E− 4hX4E
] (92)
The function BE has a single maximum at X2E = (1− 2h)/2h
given by
BmaxE = 2he
1
2h−1 (93)
For given b, Eq. (90) corresponds to the extreme value
BE(AE) = e
b2AE
2
[
1− hb2AE
]
= e
b2AE
2
[
1− b
2
2
(
s− 1− s
AE − s
)]
, (94)
where we inserted the function h(AE ,s) from Eq. (79). Even
without knowing the value AE , we can draw some interesting
conclusions from Eq. (94).
For values of s ≪ AE ≪ (2/b2) the function (94) ap-
proaches
BE(s≪ AE ≪ 2b2 )≃ 1−
b2(s− 1)
2
, (95)
producing at most a tiny correction over a wide range of
s≪ Ae ≪ 200 in agreement with our earlier discussion of the
maximum growth rate.
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6. SUMMARY AND CONCLUSIONS
The interaction of TeV gamma rays from distant blazars
with the extragalactic background light produces relativistic
electron-positron pair beams by the photon-photon annihila-
tion process. The created pair beam distribution is unstable to
linear two-stream instabilities of both electrostatic and elec-
tromagnetic nature in the unmagnetized intergalactic medium.
Based on a linear reactive instability analysis Broderick et
al. (2012) and Schlickeiser et al. (2012) have concluded that
the created pair beam distribution function is quickly unstable
to the excitation of electrostatic oscillations in the unmagne-
tized intergalactic medium, so that the generation of inverse-
Compton scattered GeV gamma-ray photons by the pair beam
is significantly suppressed. Because most of the pair kinetic
energy is transferred to electrostatic fluctuations, less kinetic
pair energy is available for inverse Compton interactions with
the microwave background radiation fields. Therefore, there
is no need to require the existence of small intergalactic mag-
netic fields to scatter the produced pairs, so that the explana-
tion (made by several authors) of the FERMI non-detection
of the inverse Compton scattered GeV gamma rays by a finite
deflecting intergalactic magnetic field is not necessary. In par-
ticular, the various derived lower bounds for the intergalactic
magnetic fields are invalid due to the pair beam instability ar-
gument.
Miniati and Elyiv (2013) have argued that the more appro-
priate linear kinetic instability analysis, accounting for the
longitudinal and the small but finite perpendicular momen-
tum spread in the pair momentum distribution function, sig-
nificantly reduces the growth rate of electrostatic oscillations
by orders of magnitude compared to the linear reactive insta-
bility analysis, concluding that the pair beam instability does
not modify the pair cascade as in vacuum. We therefore have
repeated the linear instability analysis in the kinetic limit for
parallel propagating electrostatic oscillations using the real-
istic pair distribution function with longitudinal and perpen-
dicular spread. Contrary to the claims of Miniati and Elyiv
(2013) we find that neither the longitudinal nor the perpen-
dicular spread in the relativistic pair distribution function do
significantly affect the electrostatic growth rates. The maxi-
mum kinetic growth rate for no perpendicular spread is even
about an order of magnitude greater than the corresponding
reactive maximum growth rate. The reduction factors to the
maximum growth rate due to the finite perpendicular spread
in the pair distribution function are tiny, and always less than
10−4. We confirm the earlier conclusions by Broderick et al.
(2012) and Schlickeiser et al. (2012a), that the created pair
beam distribution function is quickly unstable in the unmag-
netized intergalactic medium.
As our analysis has shown, relativistic kinetic instabil-
ity studies are notoriously difficult and complicated due to
plasma particle velocities close to the speed of light. There-
fore extreme care is necessary in order to include all relevant
relativistic effects, as done in the present study.
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7. APPENDIX A: APPROXIMATIONS OF THE INTEGRAL J(B)
We introduce
T (b,A,s) = K
s+1(R)
A
eAbJ(b), (96)
so that according to Eqs. (40)
T (b,A,s) = eA
∫ b
0
dq e
− A√
1+q2
(1+ q2) s+12
[
1− s
A
√
1+ q2
]
(97)
The substitution q = tant provides
T (b,A,s) = eA
[∫ arctanb
0
dt coss−1 t e−Acost
− s
A
∫ arctanb
0
dt coss−2 t e−Acost
]
= Y (b,A, p = s− 1
2
)− s
A
Y (b,A, p = s− 2
2
) (98)
with
Y (b,A, p) = eA
∫ arctanb
0
dt cos2p t e−Acost (99)
Because b is significantly smaller than unity, we approximate
cost ≃ 1− t
2
2
, (100)
so that with arctanb≃ b
Y (b,A, p)≃
∫ b
0
dq [1− pq2]e Aq
2
2 (101)
We restrict our analysis to values of βe ≤ R ≪ R0, where R0
denotes the real phase speed (72), where the maximum growth
rate γmaxp (b = 0) for no angular spread occurs (see Sect. 4.2).
In this case the variable (41)
A(R≤ R0)≥ A(R0)> 3 (102)
is always larger than 3. The main contribution to the integral
(101) is then indeed provided by small values of q ≪ 1, so
that the approximation (100) is justified.
The integral (101) can be expressed in terms of Dawson’s
integral (Abramowitz and Stegun 1972, Ch. 7.1; Lebedev
1972, Ch. 2.3), the error function of imaginary argument,
F(x) = e−x
2
∫ x
0
dt et2 (103)
as
Y (b,A, p) =
√
2
A
eX
2[
F (X)+
p
A
[F (X)−X ]], (104)
with
X(b,A) =
√
A
2
b (105)
Dawson’s integral (103) has a maximum Fm = 0.541 at xm =
0.924, the series expansion
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F(x) =
∞
∑
n=0
(−1)n2nx2n+1
1 ·3 · · · (2n+1) = x
[
1− 23x
2 +
4
15x
4∓ . . .
]
(106)
and the asymptotic expansion
F(x≫ 1)≃ 1
2x
[1+ 1
2x2
+
3
4x4
] (107)
In Figures 4 and 5 we compare the numerically evaluated
FIG. 4.— Comparison of the numerically evaluated exact integral (99) with
its approximation (104) for p = 2 and A = 3.
FIG. 5.— Comparison of the numerically evaluated exact integral (99) with
its approximation (104) for p = 2 and A = 100.
exact integral (99) with its approximation (104) for p = 2 and
two values of A = 3 and A = 100. In both cases the agreement
is excellent for values of b < 0.1.
According to Eqs. (96) and (98) we obtain the approxima-
tions
J(b)≃ Ae
−A
Ks+1(R)
eX
2
X
[
(1− s
A
)F(X)
+((s− 1)A− s(s− 2)) F(X)−X
2A2
]
(108)
The small argument expansion (106) readily yields
J(0) = J(b = 0) = A− s
Ks+1(R)
e−A, (109)
which agrees with Eq. (42), so that the correction function
(45) becomes
B(X) =
eX
2
X
[F(X)+ h(A,s)(F(X)−X)] , (110)
with
h(A,s) = (s− 1)A− s(s− 2)
2A(A− s) (111)
8. APPENDIX B: COLLECTIVE ELECTROSTATIC MODES
Eq. (47) together with the real part of the dispersion relation
(37) reads
0 = ℜΛ(R, I = 0) = 1−
1
κ2β2e
[
ℜZ′
(
R
βe
)
+
1
χ ℜZ
′
(
R√
χξβe
)]
(112)
In order to use the asymptotic expansions (28) for proton-
electron temperature ratios χ < ξ−1 = 1836 we have to con-
sider three cases:
(a) In the case of phase speeds larger than βe,
R≫ βe. (113)
both arguments of the Z′ -function are large compared to unity,
so that we may use the asymptotic expansion
ℜZ′(t ≫ 1)≃ 1
t2
[1+
3
2t2
] (114)
(b) In the case of intermediate phase speeds,
R
βe ≪ 1≪
R√
χξβe , (115)
we use the expansion (114) in the third term of Eq. (112) and
the asymptotic expansion for small arguments
ℜZ′(t ≪ 1)≃−2[1− 2t2] (116)
in the second term of Eq. (112).
(c) In the case of very small phase speeds,
R≪
√
χξβe, (117)
we use the expansion (116) in the second and third term of
Eq. (112).
We consider each case in turn.
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8.1. Large phase speed R≫ βe
Here we readily obtain for Eq. (112)
ℜΛ(R,κ) = 1− 1+ ξ
κ2R2
− 3β
2
e(1+χξ2)
2κ2R4
= 0 (118)
yielding the dispersion relation
R4− 1+ ξ
κ2
R2− 3β
2
e
2κ2
= 0 (119)
with the solution
R2 =
1+ ξ
2κ2
[
1+
√
1+
6β2eκ2
(1+ ξ)2
]
≃ 12κ2
[
1+
√
1+ 6β2eκ2
]
(120)
The requirement R ≫ βe implies the wavenumber restriction
β2eκ2 ≪ 2.5. Likewise, the subluminality requirement R < 1
demands
κ2 > κ2L = 1+
3β2e
2
(121)
In this wavenumber range the solution (119) reduces to
R2 ≃ 1
κ2
+
3β2e
2
=
1+ 32 β2eκ2
κ2
, (122)
corresponding to Langmuir oscillations
ω2R = ω
2
p,e[1+ 3k2λ2De] (123)
for 2−1/2βe ≤ kλDe ≪ 1 with the electron Debye length λDe =
βec/
√
2ωp,e.
8.2. Intermediate phase speed
√
χξβe = βp ≪ R≪ βe
In this case we derive for Eq. (112)
ℜΛ(R,κ)≃ 1+ 2β2eκ2 −
ξ
κ2R2
− 4R
2
β4eκ2 = 0, (124)
yielding the dispersion relation
R4− β
2
e
2
(1+ β
2
eκ
2
2
)R2 +
ξβ4e
4
= 0 (125)
with the two formal solutions
R21,2 =
β2e
4
(1+ β
2
eκ
2
2
)
[
1±
√
1− 4ξ
(1+ β2eκ22 )2
]
≃ β
2
e
2
(1+ β
2
eκ
2
2
)
[
1±
(
1+ ξ
(1+ β
2
eκ
2
2 )
2
)]
(126)
The first solution
R21 ≃ β2e(1+ β
2
eκ
2
2
) (127)
violates the restriction R2 ≪ β2e , leaving as only solution
R2 = R22 ≃
ξβ2e
2
1+ β
2
eκ
2
2
(128)
This ion sound wave solution has to fulfill the second restric-
tion R2 ≫ χξβ2e , corresponding to the condition
1+ β
2
eκ
2
2
≪ 1
2χ , (129)
which is only possible for values of χ≪ 1 or Tp ≪ Te. In this
case the solution (128) holds for wavenumbers κ2β2e ≪ χ−1.
Therefore the ion sound wave solution only exists for Tp ≪ Te
at wavenumbers (λDek)2 ≪ (2χ)−1 with frequencies
ω2R =
β2pc2k2
2(1+λ2Dek2)
, λ2Dek2 ≪
1
2χ =
Te
2Tp
(130)
8.3. Very small phase speed R≪
√
χξβe = βp
In this case we derive for Eq. (112)
ℜΛ(R,κ)≃ 1+ 2(1+χ)χβ2eκ2 −
4(1+ ξχ2)R2
ξχ2β4eκ2 = 0, (131)
yielding the dispersion relation
R2 =
(1+χ)χξβ2e
2(1+ ξχ2) +
ξχ2β4eκ2
4(1+ ξχ2) (132)
The very small phase speed requirement R2 ≪ χξβ2e corre-
sponds to
(1+χ)
2(1+ ξχ2) +
χβ2eκ2
4(1+ ξχ2) ≪ 1, (133)
which cannot be fulfilled. Therefore no electrostatic mode
with very small phase speeds exists.
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